This letter addresses the problem of robust transceiver design for the multiuser multiple-input-multiple-output (MIMO) downlink where the channel state information at the base station (BS) is imperfect. A stochastic approach which minimizes the expectation of the total mean square error (MSE) of the downlink conditioned on the channel estimates under a total transmit power constraint is adopted. The iterative algorithm reported in [2] is improved to handle the proposed robust optimization problem. Simulation results show that our proposed robust scheme effectively reduces the performance loss due to channel uncertainties and outperforms existing methods, especially when the channel errors of the users are different.
Introduction
The multiuser multiple-input-multiple-output (MIMO) downlink has attracted great research interest because of its potential for increasing the system capacity. Many transmitter precoding schemes have been reported in order to mitigate the cochannel interference (CCI) as well as exploit the spatial multiplexing of the multiuser MIMO downlink [1] , [2] . These schemes use different design criteria but they all assume that the base station (BS) has perfect channel state information (CSI). In a realistic scenario, however, the CSI is generally imperfect due to limited number of training symbols or channel time-variations. Therefore, the robust transceiver design which takes into account the uncertainties of CSI at the BS is required.
Several robust schemes have been proposed for the multiuser MIMO downlink [3] - [6] , which can be classified into the worst-case approach [3] , [4] and the stochastic approach [4] - [6] , respectively. The worst-case approach optimizes the worst system performance for any channel error in a predefined uncertainty region. In [3] a robust power allocation scheme is proposed using the worst-case approach for the multiuser multiple-input-single-output (MISO) downlink where each user has a single antenna. In [4] of [3] has been extended to robust transmitter design. On the other hand, the stochastic approach optimizes a statistic measure of the system performance assuming that the statistics of the uncertainty is known. In [4] and [5] , the stochastic approach is applied to design the robust transmitter in the multiuser MISO downlink. The authors of [6] have studied the problem of robust transceiver design in the multiuser MIMO downlink by adopting a stochastic approach. However, they also imposed a per-user power constraint, which is not suitable for the downlink, and only the transmitter was robustly designed.
In this letter, a novel robust transceiver design for the multiuser MIMO downlink is proposed. We consider a timedivision duplexing (TDD) system where the channel reciprocity [5] is exploited, i.e., the BS estimates the channels using the training sequences in the uplink and utilizes them for downlink transmission. We adopt a stochastic approach which, under a total transmit power constraint, minimizes the expectation of the total mean square error (MSE) of the downlink conditioned on the channel estimates at the BS. The iterative algorithm developed in [2] is improved to obtain a suboptimal solution of the associated optimization problem. Extensive simulation results are presented to show the efficacy of the proposed robust scheme. 
System and Channel Uncertainty Model
where L j is the number of the data streams parallelly transmitted for user j, j = 1, ..., K. Denote by T j ∈ C M×L j the linear precoder at the BS for user j. The transmit signal at the BS is given by K j=1 T j x j . At the jth receiver, the decoding matrix R j ∈ C L j ×N j is employed to estimate the data vector x j . Denotex j as the estimate of x j , then
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We assume that there is a power constraint P T at the BS so that
Channel Uncertainty Model
We consider a TDD system where the BS estimates the CSI using the training sequences in the uplink [5] . In this letter we only consider the uncertainty caused by channel estimation errors. The same channel uncertainty model is applied as in [6] , where the BS performs maximum-likelihood (ML) estimation of the actual channel matrix H j , modeled as H j = H j + ΔH j , where ΔH j denotes the estimation error matrix whose entries are i.i.d. complex Gaussian distributed with zero mean and variance σ 2 e, j . ΔH j is statistically independent of H j . Then the distribution of H j conditioned on H j is Gaussian and can be expressed as
where
e, j ) and the entries of Δ H j are i.i.d. complex Gaussian distributed with zero mean and variancẽ σ
e, j ). We assume that the variances of the channel gain and channel uncertainty for each user, i.e., σ 2 h, j and σ 2 e, j , j = 1, . . . , K, are known at the BS as stated in [4] - [6] .
Note that the channel uncertainty model is quite similar to the above when the BS performs MMSE estimation instead of ML estimation [7] . Moreover, the channel uncertainty caused by the slow time-variations of the channel can also be modeled in the same manner as (2) except that ρ j has a different relationship withσ 2 j [8] .
Robust Optimization of Transceivers
In this section, a stochastic approach is proposed for the robust transceiver design for the multiuser MIMO downlink. The robust optimization problem is mathematically formulated as minimizing the expectation of the total MSE conditioned on the channel estimates at the BS under a total transmit power constraint. Then an efficient iterative algorithm is applied to get a suboptimal solution.
Problem Formulation
The MSE of user j can be written as [2] MSE j = tr
When the BS only knows the channel estimates H j , j = 1, . . . , K, the definition of MSE above cannot be directly applied to the transceiver design. Instead, the expectation of MSE conditioned on H j is an applicable performance measure and provides the robustness against the channel uncertainties in an average manner. By (3), the conditional expectation of MSE of user j is expressed as
Using (2) it can be easily verified that
Next we calculate A i j . Denote the mth row of H j as h j,m , then the element at the mth row and nth column of A i j can be written as
According to (2), we have
Finally, A i j can be expressed as
By substituting (5), (6) and (8) into (4), we can obtain the explicit expression of E H j | H j MSE j . Our robust transceiver design problem is to find a set of precoding and decoding matrices that minimize the conditional expectation of the total MSE under a total transmit power constraint. It can be formulated as follows:
Iterative Algorithm
We introduce a new scalar variable β in order to absorb the power constraint into the objective function in (9). Define P j and G j as
where β is a real positive number. Then from the total power constraint we get
By substituting (10) and (11) into (9), the objective function has become the function of {P j } and {G j }, denoted as f {P j }, {G j } , and (9) is transformed to an unconstraint optimization problem.
Taking the derivatives of f with respect to P * j and G * j (the matrix A * denotes the element-wise complex conjugate of A) and setting them to zeros, we can get
Equations (12) and (13) are the necessary conditions for optimal {P j } and {G j }. Since the optimal precoders {P j } are functions of the optimal decoders {G j } and vice versa, we adopt the thread of the iterative algorithm developed in [2] to compute our optimal transceivers. Notice that our algorithm has a lower computational complexity compared to the one in [2] since we transform the original problem into an unconstraint optimization problem and thus avoid the computation of the Lagrange multiplier in each iteration as in [2] , which has a considerable computational complexity.
We denote the related variables at the nth iteration by the superscript (·) (n) and summarize the proposed iterative algorithm as follows:
Step (1) Set the iteration number n = 0 and initialize
Step (2) Set n = n + 1, update {P (n) j } using (12) and {G
j } using (13) and the updated {P
Step (2) . Otherwise, stop the iteration and the final {T j } and {R j } are calculated using (10), (11) and {P
The iterative algorithm guarantees the convergence to a local minimum [2] .
Simulation Results
In this section, some simulation results are presented to show the robustness capabilities of the proposed scheme and show its performance in comparison with another robust scheme proposed previously in [6] . We assume that
The signal-to-noise ratio (SNR) in the following figures is defined as SNR 10 · log 10 P T . QPSK modulation is used in the simulations. We set the threshold in the iterative algorithm = 0.001. Figure 1 compares the symbol error rate (SER) obtained by the scheme in [2] and our proposed robust scheme under different channel errors, respectively. For convenience, we denote the scheme in [2] as "T-MMSE" and our proposed scheme as "Robust T-MMSE." We assume σ 2 e, j = σ 2 e , j = 1, . . . , K and consider three cases where σ 2 e = 0, 0.03 and 0.07. It can be seen that the effect of noise is dominant at low SNR, while the channel uncertainty dominates at high SNR where the robust scheme outperforms the non-robust scheme significantly. Figure 2 and Fig. 3 compare our robust scheme with the one in [6] . We denote the robust and non-robust schemes in [6] as "Robust SU-MMSE" and "SU-MMSE" respectively, since the problem is transformed to a series of single-user MMSE problems. Figure 2 shows the SER versus SNR, where we set σ 2 e, j = σ 2 e = 0.03, j = 1, . . . , K. As it can be seen, our robust scheme performs significantly better than "Robust SU-MMSE." This superiority comes from two aspects. First, our robust scheme adopts a total transmit power constraint and the iterative algorithm dynamically allocates transmit power among all the users, while "Robust SU-MMSE" imposes an individual power constraint for each user and the total transmit power is equally allocated Fig. 1 Comparison of the SER between the non-robust and the robust schemes. among all the users. Second, in our scheme the transceivers are jointly robustly designed and in "Robust SU-MMSE" only the transmitter is robustly designed. Figure 3 illustrates the performance of the two robust schemes when the users have different channel errors. We fix the SNR = 12 dB and σ e,1 increases, the performance superiority of "Robust T-MMSE" over "T-MMSE" increases. The reason is that our scheme is able to allocate power according to the difference of the channel errors. On the contrary, the superiority of "Robust SU-MMSE" over "SU-MMSE" decreases. When σ 2 e,2 exceeds 0.2, "Robust SU-MMSE" performs even worse than the non-robust counterpart. This is due to the limitation of the static power allocation of "Robust SU-MMSE," which does not take into account the difference of the channel errors for different users.
Conclusion
In this letter we have proposed a robust transceiver design for the multiuser MIMO downlink with imperfect CSI at the BS. We formulate the problem as the minimization of the expectation of the total MSE in the downlink conditioned on the channel estimates under a total transmit power constraint. An efficient iterative algorithm is proposed to obtain a suboptimal solution of the optimization problem. Extensive simulation results are presented to show that our proposed robust scheme effectively reduces the performance loss due to the channel uncertainties and outperforms a recently proposed robust scheme, especially when the channel errors of the users are different.
